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ABSTRACT

Time-series forecasting is a challenging problem that traditionally requires spe-
cialized models custom-trained for the specific task at hand. Recently, inspired
by the success of large language models, foundation models pre-trained on vast
amounts of time-series data from diverse domains have emerged as a promising
candidate for general-purpose time-series forecasting. The defining characteristic
of these foundation models is their ability to perform zero-shot learning, that is,
forecasting a new system from limited context data without explicit re-training or
fine-tuning. Here, we evaluate whether the zero-shot learning paradigm extends
to the challenging task of forecasting chaotic systems. Across 135 distinct chaotic
dynamical systems and 10® timepoints, we find that foundation models produce
competitive forecasts compared to custom-trained models (including NBEATS,
TiDE, etc.), particularly when training data is limited. Interestingly, even after
point forecasts fail, large foundation models are able to preserve the geometric and
statistical properties of the chaotic attractors. We attribute this success to founda-
tion models’ ability to perform in-context learning and identify context parroting
as a simple mechanism used by these models to capture the long-term behavior
of chaotic dynamical systems. Our results highlight the potential of foundation
models as a tool for probing nonlinear and complex systems.

1 INTRODUCTION

Classical paradigms in machine learning (ML) require the model to be trained on data specific to the
intended task. For example, to forecast the weather in Singapore, a model would need to be trained
on past weather data from Singapore. However, recent work in statistical learning has highlighted
the power of generative pre-trained models, which use probabilistic approaches and vast amounts of
training data to build foundation models that can excel at diverse tasks without the need for separate
retraining. In time-series forecasting, this paradigm shift has ignited an intense race to build general-
purpose pre-trained models that can make zero-shot forecasts for any time series (Oreshkin et al.,
2021; Garza & Mergenthaler-Canseco, 2023; Rasul et al., 2023; Jin et al., 2023; Gruver et al., 2024;
Dooley et al., 2024; Liu et al., 2024b; Woo et al., 2024; Ansari et al., 2024; Goswami et al., 2024).
Such models have seen some initial success in forecasting real-world time series (Liang et al., 2024)
but they have not been systematically tested on chaotic dynamical systems, especially in terms of
their performance in long-term forecasting over an extended time horizon.

There are several reasons why such tests are interesting. First, to train foundation models for time
series, the amount of high-quality time-series data needed is the single most crucial bottleneck. For
this reason, a significant percentage of openly-available time-series data has been used to train these
models. It is thus difficult to verify that the test set is not contaminated by time series related to
those in the training set. In contrast, as far as we know, no trajectories generated by classical chaotic
systems (e.g., Lorenz equations) have been used to train foundation models. Thus, time series
from chaotic systems constitute an independent test set that can be used to quantify the generaliza-
tion ability of foundation models. Second, chaotic dynamical systems have well-defined attractors
that exhibit invariant statistical and geometric properties (fractal dimensions, Lyapunov exponents,
power spectra, etc.). This allows us to quantify ML models’ ability to capture the long-term behavior
of the system even after point forecasts inevitably fail (Pathak et al., 2018; Hess et al., 2023). Such
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Figure 1: Chaos as a benchmark for zero-shot forecasting of time seriesVe usel35 distinct

chaotic systems to generate chaotic trajectories 20mifferent initial conditions each. Each tra-
jectory is used to train the baseline deep-learning models (NBEATS, TiDE, etc.) and also provided
as context to the pre-trained LLM (we use Chronos, a best-in-class foundation model for time se-
ries). Both the trained baseline models and Chronos are then asked to predict the trajectory into the
future. We measure the quality of the predictions in terms of both short-term accuracy and long-term
attractor reconstruction. Acrod€* distinct trajectories an@i0® data points, we nd that zero-shot
forecasts can be competitive in both short-term predictions and in capturing the long-term “climate”
of the dynamics.

tests are usually not possible for general time series. Third, the past few years have seen growing
activities at the interface of physics and ML (Yu & Wang, 2024; Levine & Tu, 2024; Gilpin, 2024),
with the cross-fertilization between ML and dynamical systems yielding advances in both directions
(Weinan, 2017; Chen et al., 2018; Pathak et al., 2018; Li et al., 2020; Chen & Tao, 2021; Jordan
et al., 2021; Gauthier et al., 2021; Levine & Stuart, 2022; Mikhaeil et al., 2022; Krishnapriyan et al.,
2023; Yang et al., 2024). Benchmarking foundation models on chaotic systems introduces the pos-
sibility of applying dynamical systems techniques (e.g., Takens embedding theorem (Huke, 2006))
to understand the inner workings of these models and the origin of their generalization abilities.

In this paper, we set out to perform the rst systematic evaluation of the zero-shot learning paradigm

in the context of forecasting chaotic systems. A schematic summarizing our benchmark pipeline is

presented in Fig. 1. We also show another schematic illustrating the difference between classical
deep learning models and foundation models when making time series predictions (see Fig. 7 in the
appendix).

Our study is also of intrinsic interest to scienti ¢ machine learning (SciML) and nonlinear dynamics
communities. So far, the data-driven modeling approaches developed in these communities (e.qg.,
reservoir computing (Pathak et al., 2018), PINN (Karniadakis et al., 2021), SINDy (Brunton et al.,
2016), Koopman operators (Brunton et al., 2022), neural operators (Azizzadenesheli et al., 2024),
etc.) follow a classical train/test dichotomy. That is, to forecast the dynamics of the Lorenz os-
cillator, a SciML model is rst trained on data generated by the Lorenz equations. The model
learns chaotic dynamics by extracting the underlying vector eld (or ow map) from time-series
data during training. At rst glance, it seems ludicrous that a model can effectively forecast chaotic
dynamical systems without rst explicitly learning the ow. A convincing demonstration of the pos-
sibility of zero-shot learning in a SciML context could lead to new forecasting tools and generate
novel insights into chaotic systems.

From a theoretical standpoint, an emerging direction in SciML is to understand the out-of-
distribution generalization ability of different data-driven modeling frameworks (Wang et al., 2020;
Kong et al., 2021; 2023; &ing et al., 2024). This parallels a long line of research that investigates
the generalization ability of neural networks (Neyshabur et al., 2018; Belkin et al., 2019; Baldassi
et al., 2020; Xu et al., 2020; Feng & Tu, 2021; Nakkiran et al., 2021; Power et al., 2022; Liu et al.,
2022c). For example, if a model was only trained on trajectories from a limited number of initial
conditions, can it effectively extrapolate the learned dynamics to a different part of the phase space
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and forecast from a previously unseen initial condition (that is, far from any of the training initial
conditions) (Zhang & Cornelius, 2023)? Foundation models that not only generalize to new initial
conditions but also to new systems could introduce novel ideas and insights into this endeavor.

Our main contributions are:

1. Alarge-scale evaluation of the ability of time series foundation models to model physical
systems outside of their training domain.

2. Discovery that foundation models produce zero-shot forecasts competitive with models
custom-trained to forecast chaotic attractors. Moreover, larger foundation models produce
better forecasts.

3. Observation of scaling of a foundation model's zero-shot prediction ability with context
lengths far exceeding typical correlation timescales of chaos, indicating in-context learning
of chaotic dynamics.

4. Observation that foundation models retain long-term statistical properties of chaotic attrac-
tors, even after pointwise predictions fail.

2 RELATED WORK

Several works train transformers to perform long-horizon forecasting tasks (Li et al., 2019; Zhou
etal., 2021; 2022; Liu et al., 2022b; Wen et al., 2022), obtaining leading results in long-horizon fore-
casting. However, recent works question their consistency and utility compared to properly-tuned
simpler models (Lara-Bétez et al., 2021; Zeng et al., 2023; Das et al., 2023; Tan et al., 2024). De-
spite these debates, a unique property of large models like transformers is zero-shot generalization,
in which they learn to perform a novel task without training the model weights on task-speci ¢ data
(Brown, 2020). The resultingn-context learningstrongly differs from prior approaches to fore-
casting chaotic systems, which focus on training the weights of models based on the past observed
history of a system (Pathak et al., 2018; Gauthier et al., 2021; Vlachas et al., 2020). In-context learn-
ing has motivated the development of foundation models: large models pre-trained on vast amounts
of data, which perform few-shot inference via prompting (Bommasani et al., 2021).

Several recent zero-shot forecasting models are modi cations of large language models, which en-
code time series as tokens (Xue & Salim, 2023; Ansari et al., 2024; Gruver et al., 2024; Miller et al.,
2024; Liu et al., 2024b; Ekambaram et al., 2024). Several of these models have been shown to
exhibit in-context learning at test time (Lu et al., 2024; Gao et al., 2024, Liang et al., 2024).

Foundation models have recently been introduced for other scienti c machine-learning tasks (Miller
et al., 2024). These include models for partial differential equations (Yang et al., 2023; Rahman
etal., 2024; Subramanian et al., 2024; Herde et al., 2024; Takamoto et al., 2022), numerical integra-
tion (Song et al., 2024), uid ow prediction (Herde et al., 2024), molecular dynamics (Allen et al.,
2024), weather forecasting (Nguyen et al., 2023; Bodnar et al., 2024), material discovery (Takeda
et al., 2023), astrophysics (Parker et al., 2024), and electrocardiogram (ECG) analysis (McKeen
et al., 2024). A recent study used an open-source language model to evaluate zero-shot forecasting
performance on stochastic dynamical systems (like Markov chains) as well as the Lorenz attractor
(Liu et al., 2024a), nding evidence of a neural scaling law relating context length and prediction
accuracy, consistent with prior works (Gruver et al., 2024; Jin et al., 2023). However, to the best
of our knowledge, our work is the rst large-scale evaluation of the zero-shot learning ability of
foundation models on ovel00 chaotic systems, both in terms of short-term forecast accuracy and
long-term attractor reconstruction performance.

3 A MOTIVATING EXAMPLE

Here, we chose Chronos (Ansari et al., 2024) to represent pre-trained models because it has been
shown to outperform earlier foundation models for time series, such as TimeGPT and Moirai (Garza
& Mergenthaler-Canseco, 2023; Woo et al., 2024). Chronos internally uses a large language model
based on the text-to-text T5 transformer model family (Raffel et al., 2020). It introduces a scaling
and quantization layer, which converts continuous-valued univariate time series into a set of discrete
tokens, with vocabulary size acting as a model hyperparameter. The model was trained on diverse
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time series spanning 10 observations drawn from2 synthetic and real-world settings, but the
training data does not contain any dynamical systems. We evaluate ve pre-trained variants of
Chronos, denoted by the sizes of the underlying T5 architeciivk; 20M , 46M , 200M , and

710M parameters.

Figure 2 shows zero-shot forecasting of the Lorenz os-
cillator (de ned in the appendix), a well-studied chaotic
dynamical system, using Chronos-200M. The only data
available to Chronos argl2data points that serve as the
context for the prediction (gray in the Figure). Because
Chronos is a univariate forecast model, we separately
forecast each coordinate of the attractor and reset the
model state between each forecast. Forecasting chaotic
systems based on partial observations (e.g., only having
access to the ory coordinate of the Lorenz oscillator) is
an extremely dif cult task in nonlinear dynamics (Ratas
& Pyragas, 2024). Despite this challenge, the prediction
closely tracks the ground truth for ov@Lyapunov times
and, even after diverging from it due to chaos, remains in
the vicinity of the strange attractor.

Interestingly, although Chronos predictsandy sepa-
rately, it maintains a positive correlation betweeandy

so they have the same sign most of the time (which is nec-
essary for accurately reconstructing the attractor). T
suggests that Chronos internally modglshen forecast-
ing x and vice-versa. In nonlinear dynamics, this proceg
is possible due to Takens' theorem, which states that lo
dimensional measurements can reveal unmeasured

namical variables using delay embedding (Huke, ZOOGI

rEisgure 2.  Zero-shot forecasts of
gaotic systems We use Chronos to
edict thex(t) andy(t) components

the Lorenz oscillator. The zero-shot
ofecasts match remarkably well with
he ground truth for both short-term pre-
However, the performance of Chronos, while impressiwgiction and long-term attractor recon-
can also be fragile. Keeping everything unchanged, sistruction.
ply starting the context trajectory from a different initial
condition on the attractor can signi cantly degrade the accuracy of Chronos's prediction (see Figs. 5,
8 and 9). So how good is Chronos at forecasting chaotic systems, truly? More generally, is zero-shot
forecasting from foundation models a promising alternative to custom-trained models when it comes
to predicting chaotic systems? To answer these questions, we next perform systematic benchmarks
that average over a diverse set of chaotic systems and different initial conditions.

4 METHODS

A chaotic systems forecasting benchmarkThedysts dataset represents a standardized bench-
mark of135low-dimensional chaotic systems, described by ordinary differential equations that have
been aligned with respect to their dominant timescales and integration steps (Gilpin, 2021; 2023).
Each system is annotated with its larglegipunov exponent, an invariant property associated with
every set of differential equations that quanti es the rate at which small errors accumulate. Systems
that approach a periodic orbit or an equilibrium exhibit zero or negative Lyapunov exponents be-
cause different initial conditions converge to the same state. In contrast, chaotic systems exhibit
positive Lyapunov exponents, implying that small changes in the initial conditions or the model
parameters lead to trajectories that (at least initially) diverge exponentially. When modeling such
systems, a small error will compound over a characteristic timescale, the Lyapunov time, 1,

making highly-chaotic systems (those with smalldif cult to forecast.

The dynamical attractor of each systemdysts is also annotated with mathematical properties
such as entropy or fractal dimension. Here, in order to match the typical granularity of the real-
world time series used to train Chronos, we re-integrate all systems using an implicit Runge-Kutta
integration scheme. We downsample the resulting time series to a uniform coarse granuz@ity of
timepoints per Lyapunov time. We nd that our forecast results depend only weakly on the data
granularity (Appendix).
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Baseline experiments.Our baseline experiment design matches prior works (Gilpin, 2021; 2023;
Godahewa et al.; Séiz et al., 2024). For each of tAi85chaotic dynamical system2Qtrajectories

of length812 are generated, each originating from a random initial condition on the attractor. This
produces a set d700(135 20) multivariate time series, which have dimensionalities between

3 and 6 depending on the particular dynamical system. All time series are then split into training
sets consisting of the rsb12 points of each time series, with the &80 timepoints set aside to
determine nal test scores. For experiments with varying context lengths, trajectories are extended
backwards in time, so that tf#0test points remain the same.

For the baseline models, hyperparameter tuning is performed separately for each3s dygaam-

ical systems. For a given dynamical system, each o2€teaining trajectories is divided into a true
training set comprising the rs#35timepoints, and a validation set of the I&5ttimepoints. For

each set of hyperparameters, a model is trained on the true training set and then evaluated on the vali-
dation set. The validation scores are averaged ovetQtiajectories, and the hyperparameters from

the best-performing model are selected. A model is then initialized with those hyperparameters, and
it is trained on the fulb12timepoints. The model is then tasked with autonomously generating a
forecast of the nex800 timepoints (around.0 Lyapunov times), which are compared against the
ground-truth trajectories to generate overall model scores. The testing dataset is therefore causally
disconnected from the training data at all times.

To match the design of Chronos, for multivariate dynamical systems, each baseline model is sep-
arately trained and tested along each dimension, and the results are averaged. This channel-
independent forecasting task is intrinsically harder than providing full state information, because
the models cannot leverage the mutual information between different dimensions (Ratas & Pyragas,
2024). However, recent works on large-scale forecast models actually obtain stronger results by
isolating input channels, because the resulting model class is more expressive (Nie et al., 2023). We
thus do not expect Chronos's performance to improve if it were instead trained to produce multivari-
ate forecasts (i.e., one in whiehy,z are jointly embedded and tokenized).

The experiments yiel@700distinct forecasts 0800 timepoints each alond 6 dimensions de-
pending on the underlying chaotic system, all generated by separately-trained forecast models. Our
large-scale experiments thus sgaB 10’ training points,3:2 10’ test points, an®:2 10°
generated forecasts across all models. The experiments rd@bivealltime compute hours on an
Nvidia A100 GPU.

Our baseline models include NBEATS (Oreshkin et al., 2019), a hierarchical neural network model
that has been shown to perform particularly well on dynamical systems forecasting tasks (Gilpin,
2021; 2023). TiDE (Das et al., 2023), a recent model that addresses several known computational
limitations of Transformer class models on forecasting time series. A next-generation reservoir
computer (NVAR) (Gauthier et al., 2021), which has a strong inductive bias for learning dynamical
systems and which has previously been found to perform well on chaotic systems (Gilpin, 2023).
We also include a small encoder-decoder Transformer &M trainable parameters, as well as

an LSTM (Vaswani et al., 2017; Hochreiter, 1997).

In principle, the baseline models have a wide variety of additional hyperparameters available to tune,
such as optimizer settings, reservoir or recurrent layer size, etc. Here, we focus on the lookback
window, which is a common hyperparameter across all forecast models. It is also analogous to the
context window in Chronos, for which we tune no other hyperparameters in the zero-shot setting.

Metrics. Following prior studies (Hyndman & Koehler, 2006; Makridakis et al., 2022; Gilpin,
2021; 2023), we use four metrics to evaluate forecast quality, inclusiymgmetric Mean Absolute
Percentage Error (sSMAPE)

100X jx; Ry
SMAPE(x;8) 2— Xt *d.

T o X+ R

wherexy; X2; ::1; X7 correspond to the true test values of a time series up to a maximum forecast
horizonT, and®;; R,; :::;; Rt are the predictions of a forecast model at those same timepoints.

Valid Prediction Time (VPT)The rst forecast horizon at which the SMAPE exceeds a xed thresh-
old (Vlachas et al., 2020).

VPT argmax, ftsjSMAPEX;Rt) < ; 8t<t:(g: (¢D)]

5
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We set = 30, as in prior studies (Vlachas et al., 2020; Gilpin, 2023).

Correlation Dimensionds,c). For chaotic dynamical systems, the long-term distribution of ob-
served data points approximates a fractal object known as the strange attractor. Fractals have space-
lling properties that are intermediate between integer dimensionalities, and every strange attractor
has a unigue and invariant fractal dimension. The correlation dimension non-parametrically esti-
mates the fractal dimension from a time series, by calculating the scaling of the number of other
attractor points that fall within a given radius of each point (Grassherger & Procaccia, 1983). We
compute the correlation dimension using all data points from a model's forecasts and report the root
mean square error between the inferred correlation dimension and the ground truth.

Kullback—Leibler Divergence between attractoBs(s, ). We compute the KL Divergence between

the original and reconstructed attractors, following previous works (Hess et al., 2688¢g@t al.,

2024). To perform the computation, we center a Gaussian distribution at each point from the true and
reconstructed trajectories. We then use a sampling-based approach to estimate the KL Divergence
between these Gaussian mixtures (Hershey & Olsen, 2007). This metric measures whether two
attractors have matching distributions, and it largely agrees with the correlation dimension. We thus
report the KL Divergence results in the Appendix.

5 RESULTS

5.1 ZERO-SHOT MODELS ARE COMPETITIVE WITH FULL¥TRAINED MODELS IN
SHORTTERM ACCURACY.

To evaluate the effectiveness of zero-shot forecasting for chaotic systems, we evaluate the perfor-
mance of Chronos and the baseline models ondysts benchmark (Fig. 3). Across thE35
systems, the median VPT of the three largest zero-shot Chronos models is statistically indistin-
guishable, while the smaller models exhibit signi cantly smaller VRT<( 10 2, non-parametric
Friedman testN = 135). Scaling of performance with model size indicates that the larger models
exhibit better generalization properties, because the chaotic systems dataset strongly differs from
their training data. This nding supports the premise of the foundation model paradigm for chaotic
systems, because it shows that the sheer scale of a domain-agnostic model, when matched with suf-
cient training, improves forecasts. Compared to the fully-trained baseline models, the three largest
zero-shot forecast models outperform all except for NBEATS (Friedmpan,10 3, N = 135).

While recurrent neural networks and next generation reservoir computers have previously shown
promising forecast results for dynamical systems (Vlachas et al., 2020; Gilpin, 2021; Gauthier et al.,
2021), they underperform zero-shot models in the data-limited setting investigated here. However,
when given enough training data, it has been shown that these models can achieve longer prediction
horizons (Gauthier et al., 2021; Gilpin, 2023; Pathak et al., 2018). In contrast, the context length of
Chronos and other attention-based forecast models is limited, and they are most effective when data
is scarce.

We emphasize that the similarity of the error curves in Fig. 3 does not arise from a lack of sensitivity
in the forecast metrics. When the baseline models are instead given full state information (multi-
variate forecasting), the prediction task becomes easier, resulting in lower SMAPE and higher VPT
across all systems (see Appendix). These results underscore that partial observability, which char-
acterizes most practical forecasting tasks (Ratas & Pyragas, 2024), is quanti ably harder for current
forecasting models. The zero-shot models perform nearly as well as state-of-the-art, fully-trained
models in this setting, reaching a VPT as high as 1 Lyapunov time.

Historically a prediction time of 1 Lyapunov timescale has been considered prohibitive even for
fully-trained forecast models. This is because both observational and modeling error compound
over this timescale (Palmer, 2000; Medio & Lines, 2001). Chronos's ability to consistently forecast
up to 1 Lyapunov time, without prior training on dynamical systems, suggests the advantages of its
large-scale training on diverse time series. This scale allows it to extract generic predictive features
from time series, which also prove to effectively represent nonlinear dynamics. A similar concept
occurs in computer vision, in which convolutional neural networks tend to learn generic Gabor-like
feature extractors in early convolutional layers (Zeiler & Fergus, 2014). The ability of Chronos to
generate meaningful forecasts suggests that these learned nonlinear features, coupled with high di-
mensionality both in the input feature space (context length) and internal model dynamics, mitigate
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Figure 3: Zero-shot models of chaotic systems are competitive with custom-trained models
Zero-shot forecasts from Chronos for ve different model sizes (left), compared to other forecast
models directly trained on the points given to Chronos as context (right). Inset plots show the valid
prediction times (VPT), the rst time each forecast exceeds an error limit. All error bars are over
135chaotic systems, each wifld distinct initial conditions.

the intrinsic chaoticity of the underlying systems. In dynamical systems theory, recent works on
Koopman operators show that appropriately-selected nonlinear transformations make chaotic sys-
tems appear more linear (and thus predictable) in higher-dimensional spaces, (2043; Brunton

et al., 2022). As Chronos contains tens of millions of internal weights, it has an intrinsic advan-
tage due to its scale, which counteracts its low inductive bias when compared to forecasting models
specialized for dynamical systems, such as next-generation reservoir computers.

5.2 LARGE ZERO-SHOT MODELS EXCEL AT LONGTERM ATTRACTOR RECONSTRUCTION

Next, we quantify Chronos and the baseline models' ability to capture the long-term behavior of
chaotic systems after point forecasts inevitably fail. This corresponds to a global measure of fore-
cast quality: how well does a model capture the shape of the strange attractor and reproduce the
statistics of major dynamic events, even if not necessarily their particular timing? In forecasting,
this problem is known as predicting the climate, rather than the weather (Patel et al., 2021; Bram-
burger & Fantuzzi, 2024).

Figure 4: Zero-shot forecast models effectively capture attractor geometry(A) Example fore-

casts produced by the zero-shot and trained model20fmitial conditions from the Lorenz chaotic
attractor. (B) The correlation between the fractal dimension of the predicted attractor and the true
attractor (Spearman's rank-order coef cieM, = 2420 points,p < 10 2 for all cases), versus

the VPT of the corresponding model. The red markers represent variants of Chronos with different
model sizes: tiny&§M parameters), mini2Z0M ), small @46M ), base 200M ), and large 710M ).

The blue markers represent the baseline models. Models closer to the top capture the attractor ge-
ometry better and models closer to the right make accurate point forecasts for longer. Error bars are
standard errors ovear35dynamical systems, each wit® different initial conditions.
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